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Abstract. Let G be a finite solvable group, let p be a prime such that p > 5 and O p (G) = 1, and we 
denote \G\ P = p", then G contains a block of defect less than or equal to L^f J- Let G be a finite solvable 
group and let p a be the largest power of p dividing x(l) for an irreducible character \ of G. we show that 
\G : F(G)| P <p 3a for p > 5. 



1. Introduction 

It is a classical theme to study orbit structures of a finite group G over a finite, faithful 
and completely reducible G-module V. One of the most important and natural questions 
about orbit structure is to establish the existence of an orbit of a certain size. For a long 
time, there has been a deep interest and need to examine the size of the largest possible 
orbits in linear group actions. In 2004, A. Moreto and T.R. Wolf [22] studied the solvable 
linear groups and investigated the relation of the point stabilizers Cq(v) and the Fitting 
subgroup series of G. They proved an important orbit theorem [221 Theorem E] and applied 
it to obtain results showing that solvable groups have large character degrees and conjugacy 
classes. This orbit theorem and its consequences were used to obtain a number of results on 
several conjectures on class sizes, character degrees and zeros of characters. 

In [27], Yang strengthened this result by showing the following. Suppose that V is a 
faithful completely reducible G-module where G is a finite solvable group, then there exists 
v G V and K <G such that Cg{v) C K, where the Fitting length of K is less than or equal 
to 7. An example [27J Section 4] was provided to show that the improvement is the best 
possible. Although one cannot say more in general because of this example, it is possible to 
show that there exits an element v G V such that the p-part of Cg(i>) is relatively small for 
all the primes p > 5. In this paper, we show the following orbit theorem of solvable linear 
groups. This theorem in some sense is the best possible as the semi-linear group shows us. 

Theorem A. Let ttq be the set of all the primes except 2 and 3. Let G be a finite solvable 
group and let V be a finite, faithful and completely reducible G-module(possibly of mixed 
characteristic). Then there exists K<G, K C F 2 (G) and there exist two G-orbits with 
representatives v a , v & G V such that for any H G Hall 7ro (G) ; we have C#(i> a ) C K and 
C H (v b ) C K. The Hall ir -subgroup of KF(G)/F(G) and the Hall n -subgroup of K H F(G) 
are abelian. 

Theorem A can be used to study the following problems although they look different at 
the first glance. 

Let G be a finite group. Let p be a prime and \G\ P = p n . An irreducible ordinary character 
of G is called p-defect if and only if its degree is divisible by p n . It is an interesting problem 
to give necessary and sufficient conditions for the existence of p-blocks of defect zero. If a 
finite group G has a character of p-defect 0, then O p (G) = 1 P Corollary 6.9]. Unfortunately, 
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the converse is not true. Although the block of defect zero may not exist in general, one 
could try to find the smallest defect d(B) of a block B of G. One of the results along this line 
is proved by Espuelas and Navarro [51 Theorem A]. Let G be a (solvable) group of odd order 
such that O p (G) = 1 and \G\ P = p n , then G contains a p-block B such that d(B) < [n/2\. 
The bound is best possible, as shown by an example in [5]. In the same paper, they raised 
the following question. If G is a finite group with O p (G) — 1, p > 5, and \G\ P = p n , does G 
contain a block of defect less then 

Using Theorem A, we prove the following result as a partial answer to this question. The 
bound we obtain here is pretty sharp since |_§ J is the best one may get. 

Theorem B. LetG be a finite solvable group, letp be a prime such thatp > 5 andO p (G) = 1, 
and we denote \G\ P = p n . Then G contains a p-block B such that d(B) < [_^J ■ 

Let p a denote the largest power of p dividing x(l) for an irreducible character x of G. 
Moreto and Wolf (22j Theorem A] proved that for G solvable, there exists a product 6 = 
• • • Xt(l) °f distinct irreducible characters x% such that \G : F(G)| divides 9(1) and 
t < 19. This implies that \G : F(G)| P < p 19a . They also suggest that a better bound 
\G : F(G)\ P < p 2a might be true for all solvable groups. In fact, they believe [22J Question 
2.2] that for solvable groups one may find two irreducible characters Xi an d X2 such that 
\G : F(G)| I xi(l)X2(l)- Although it is difficult to answer this question in general, we are 
able to prove a closely related result using the previous orbit theorem. As a corollary, we 
show that \G : F(G)| P < p 3a for p > 5. 

The Huppert's p — o conjectures state that there is an irreducible character % of G and a 
conjugacy class C of G such that the degree of x an d \C\ are each divisible by many primes. 
For the character theoretic p — a problem, we define p(G) be those primes that divide the 
degree of some irreducible character of G and o~(G) be the maximum number of primes 
dividing the degree of an irreducible character of G. Huppert conjectures that |p(G)| can be 
bounded in terms of cr(G), and if G is solvable, then even |p(G)| < 2a(G). Up to now the 
best known bound for G solvable is < 3a(G) + 2 by Manz of Wolf (T5J Theorems 1.4]. 

Theorem A may be used to study Huppert's p — a conjectures and obtain the best known 
bound. 

Theorem A also has connections to other questions about degrees of characters and lengths 
of conjugacy classes of solvable groups. 

2. Notation and Lemmas 

Notation: 

(1) Let G be a finite group, let S be a subset of G and let it be a set of different primes. For 
each prime p, we denote SP P (S') = {(x) \ o(x) = p,x G S} and EP P (S) = {x \ o(x) = 
p,xe S}. We denote SP(S) = U p p rimes SP P {S), SP n (S) = \J pen SP p (S), EP(S) = 
Up primes EP p( 5 ) and EP -( 5 ) = U P& EP P (5). We denote NEP(S) = \EP(S)\, 
NEP P (^) = |EP P (£)| and NEP^(S) = |EP 7r (S)|. We denote NSP(^) = |SP(5)|, 
NSP P (5) = \SP P {S)\ and NSP^(5) = |SP^(5)|. 

(2) Let n be an even integer, q a power of a prime. Let V be a standard symplectic 
vector space of dimension n of F 9 . We use SCRSp(n, q) or SCRSp(U) to denote the 
set of all solvable subgroups of Sp(V) which acts completely reducibly on V. We 
use SIRSp(n, q) or SIRSp(U) to denote the set of all solvable subgroups of Sp(V) 
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which acts irreducibly on V. Define SCRSp(ni,gi) x SCRSp(n2, #2) = {H x I\H G 
SCRSp(ni, qi) and / G SCRSp(n2, 92)}- 

(3) If V is a finite vector space of dimension n over GF(g), where q is a prime power, we 
denote by T(q n ) = T(V) the semi-linear group of V, i.e., 

T(q n ) = {1 4 ax a I x G GF(g"), a G GF(<f ) x ,a G Gal(GF(g n )/GF(g))}, 

and we define 

r Q (g n ) = {1 h> ax I x G GF(g n ), a G GF(<f) X }. 

(4) We use F(G) to denote the Fitting subgroup of G. Let F Q (G) < Fi(G) < F 2 (G) < 
• • • < F n (G) = G denote the ascending Fitting series, i.e. F (G) = 1, Fi(G) = F(G) 
and F m (G)/F,(G) = F(G/F;(G)). F*(G) is the zth ascending Fitting subgroup of 
G. 

(5) Let 7r be the set of all the primes except 2 and 3. 

Definition 2.1. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi- 
primitively on a finite vector space V. Let F(G) be the Fitting subgroup of G and F(G) = 
EL Pi; i = l,...,m where Pi are normal pj-subgroups of G for different primes pi. Let 
Zi = fii(Z(P<))- We define 

(Qi(Pi) if ^ is odd; 

[Pi,G,--- ,G] if Pl = 2and [P,,G,--- , G] ^ 1; 
Zi otherwise. 

By possible reordering we may assume that Ei 7^ Z^ for i = 1, . . . ,s, < s < m and Ei = Zi 
for i = s + 1, . . . ,m. We define E = Yli=i Ei, Z = Yli=i %i and we define Ei = Ei/Zi, 
E = E/Z. Furthermore, we define = ^/\EjZ\ for i = 1, . . . , s and e = y/\E/Z\. 

Theorem 12.21 Lemma 12.31 Lemma 12.71 and Lemma 12.81 are proved in [28] and [30] but we 
include the proofs here for completeness. 

Theorem 2.2. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi- 
primitively on an n-dimensional finite vector space V over finite field ¥ of characteristic r. 
We use the notation in Definition \2.1\ Then every normal abelian subgroup of G is cyclic 
and G has normal subgroups Z < U < F < A < G such that, 

(1) F = EU is a central product where Z = E n U = Z(E) and C G (F) < F; 

(2) F/U = E/Z is a direct sum of completely reducible G / F-modules; 

(3) Ei is an extra- special Pi- group for i = 1, . . . , s and = p™* for some Hi > 1. Further- 
more, (ei, Cj) = 1 when % ^ j and e — e\ . . . e s divides n, also gcd(r, e) = 1; 

(4) A = C G {U) and G/A < Aut(tf), A/F acts faithfully on E/Z; 

(5) A/C A (E l /Z i )<Sp(2n l ,p l ); 

(6) U is cyclic and acts fixed point freely on W where W is an irreducible submodule of 
V v ; 

(7) \V\ = \W\ eb for some integer b; 

(8) |G : A\ I dim(jy). Assume g G G\^4 and o(g) = s where s is a prime, then |Cy(g)| = 
\W\ k s eb ; 

(9) G/A is cyclic. 

Proof. By [TjJJ Theorem 1.9] there exist Ei,Ti<G and all the following hold, 
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i) F = EiTi, EinT i = Zi and T { = C P .(Ei); 

ii) Ei is extra-special or Ei = Zf, 

iii) exp(Ei) = p { or p { = 2; 

iv) Ti is cyclic, or pi = 2 and Tj is dihedral, quaternion or semidihedral; 

v) If Tj is not cyclic, then there exists Ui <G with C/j cyclic, C/j < Tj, |T$ : C/j| = 2 and 
C Tt (tf f ) = 

vi) If > Zi, then Ei/Zi = En/Zi x • • • x Em/Zi for chief factors Eik/Zi of G and with 
Zj = Z(E ik ) for each and i?^ < C G (Eu) for k ^ I. 

We define £/, = 7} if p< ^ 2. We define C/ = UT=i U ^ T = UT=i T ^ F = EU and 
A = C G {U). 

If pi 7^ 2, then by (i),(ii),(iii) Ei = Qi(Pi) and therefore Ei = Ei. If pi = 2 and assume 
Ei > Zi, Ei/Zi = Yl k E ik /Zi for chief factors E ik /Zi of G by (vi) and thus = [E ik , G] and 
= [Ei, G]. By (v), [T i; G, ■ ■ ■ , G] = 1. Thus [P i; G, G, • • • , G] = Ei and therefore E t = 

The other results mainly follow from Corollary 1.10, 2.6 and Lemma 2.10 of [19]. Since 
C G (F) = C G (EU) < C G (E) = T and C T (U) = U, we have C G (F) < F. Since A = C G (U), 
F(G) n A = C F{G) (U) = EU = F and thus A/F acts faithfully on E/Z. 

Let K be the algebraic closure of F, then W <g> F K = W\ © W 2 © • • • © W m , where the are 
Galois conjugate, non-isomorphic irreducible [/-modules. In particular, each Wi is faithful, 
dim K Wi = 1. Clearly N G (W;) > C G (C/) for each i. Furthermore, [N G (Wi),U] < C^Wi) 
since C/ is normal. Thus N G (W / i ) = C G (C7) = A. It follows that G/A permutes the set 
{Wi, . . . , W m } in orbits of length |G : A\ and thus |G : A| | dim(VF). Since G/A permutes 
the Wi fixed point freely, for all g G G\A of order s where s is a prime, |CV(<?)| = (W^ 66 . 
This proves (8). 

The fact that G/A is cyclic is essentially proved in [211 Section 20]. We give an argu- 
ment here for completeness. FU is a semi-simple algebra over F and dim(F{7) = \U\. By 
Wedderburn's Theorem, there exist a finite number of idempotents e\,...,e a and CiFU is 
isomorphic to a full matrix algebra over some division algebra D over F. Since FU is com- 
mutative, the division algebra D is actually a field and the dimension of the matrix is 1. It 
follows that CiFU is a field for all i = 1, . . . , a. Set Ki = ejFC/, then Ki, . . . , K a are fields 
and FU = K x © • ■ • © i^ a . 

Since V is a quasi-primitive G-module, Vjj is a homogeneous FC/-module. Then there 
exists some j G {1, . . . , a} such that ejV = V and C[V = for any I ^ j. Thus V is a Kj 
vector space. Kj is a finite field extension of Fe^. Let g G G, then gK^g~ l = Kj because 
V is quasi-primitive. Define <r 9 : Kj i-» l£j as cr fl (/3) = gf3g~ 1 . a g is a field automorphism 
of iCj and fixes every element of Fe.,-. Thus a g G Gal(Kj/Fej). We claim that there is a 
natural map ip between G h-> Gal(Kj/¥ej) defined by y?(g) = cx 9 . Clearly is a group 
homomorphism and Cg(Z7) C ker((p). Suppose that g E G, g C G (U) and let uq G Z7 
be a generator for [/. Then uq ^ gu^g^ 1 and the action of uq on V is different than the 
action of gu$g~ l on since the action of G on V is faithful. Thus the action of ejUo on V 
is different than the action of e^gu^g -1 on and we know that a g {ejUo) ^ ejUQ. Thus we 
have ker(</?) = C G (?7) = A. This proves (9). □ 

Lemma 2.3. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi- 
primitively on a finite vector space V. Using the notation in Theorem \2.2i we have \G\ 
dim(W0 • \A/F\ • e 2 • {\W\ - 1). 
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Proof. By Theorem Q \G\ = \G/A\\A/F\\F\ and |F| = \E/Z\\U\. Since \G/A\ | dim(W), 
\E/Z\ = e 2 and \U\ \ (\W\ - 1), we have \G\ < dim(W) • |A/F| • e 2 • (|W| - 1). □ 

Lemma 2.4. Suppose that a finite solvable group G acts faithfully and quasi-primitively on 
a finite vector space V over the field ¥. Let g E EP S (G) where s is a prime and we use the 
notation in Theorem \2.2\ 

(1) If g & F then \C v (g)\ < \W\^ eb . 

(2) Ifg E A\F, s > 5 ands\\E\, then \C v {g)\ < \W\^ b . 

(3) J/ 5 E G\A then \C v {g)\ < |W|7«* 

Proo/. It is proved in [HI Proposition 4.10] that for g E F(G), \C v (g)\ < \W\^ eb = \V\ 1 / 2 . 
Since F < F(G), (1) follows. 

Since C G (F) < F and g F, [g, F] ^ 1. Since 3 eA = C G (C/) and F = FC/, [g, F] ^ 1. 
Since s { |F|, there exists a ^-invariant g-subgroup Q < E, for some prime g / s such that 
Q is extra-special, [Q, gr] = Q, [Z(Q),g] = 1, Z(Q) < G and the action of g on Q/Z(Q) is 
fixed-point free. Let IK be a splitting field for (g)Q which is a finite extension of F and set 
Vk = V ®f JK. Since diniK(CV K (g)) = dim^(Cy(g)), we may consider Vk instead of V. Let 
= Vo C Vi C ■ ■ ■ C Vi = Vk be a (g)Q-composition series for Vk with quotient Vj = Vj/Vj-i 
for j = 1, . . . , I. Thus each Vj is an absolute irreducible (g)Q module. Since Vk is obtained 
by tensoring a quasi-primitive module up to a splitting field, Vk|z(q) is a direct sum of Galois 
conjugate irreducible modules, Z(Q) is faithful on every irreducible summand of Vk|z(Q)- By 
the Jordan- Holder Theorem, these are the only irreducibles that can occur in Vj\z(Q) and 
thus Z(Q) acts faithfully on Vj. Since all nontrivial normal subgroups of (g)Q contain Z(Q), 
(g)Q is faithful on Vj. Since g centralize Z(Q), Vj is also an irreducible Q module. Let 
\Q\ = q 2k +\ then by Schult's Theorem [131 Theorem V.17.13] or Hall-Hi gman Theorem [T4"| 
Theorem IX.2.6], dimK(Vj) = q k \ e and dim^Cy^g)) < \J3 ■ q k \ where, 

1 \\^) if S |g fc + i. 

Assume s \ q k — 1 and let q k — 1 = st where t > 1 is an integer, then j3 
when s > 5. 

Assume s | g fc + 1 and let q k + 1 = st where t > 1 is an integer, then (3 
when s > 5. 

Since dim K (CV K (sf)) < ^.dim^Cp-.fc)), (2) holds. 
(3) follows from Theorem 12.2( 8). 

Lemma 2.5. Assume G satisfies Theorem \2.2\ and we adopt the notation in it. Let p be a 
prime and x E EP p (A\F) and assume \Ce/z(x)\ — YliPi mi - We have the following: 

(1) NEP P (A\F) < NEP P (A/F)\F\. 

(2) NEP p (A\F) < nep p( a/f)|f| . 

Proof. This follows from [281 Lemma 2.7]. □ 

Lemma 2.6. Assume that A is a normal subgroup of G and G/A is cyclic. Then we have 
mP no (G\A)<[\og 5 (\G/A\)\.\A\. 



= £L Thus/3<| 
= lh- Thus/3<| 



Proof. Since G/A is cyclic, 

NSP^GVi) < (P - X ) • 1^1/^ - X ) = E M < log 5 (|GM|)J • 

pe7r ,p||G/A| p67ro,p||G/A| 

□ 

Lemma 2.7. Lei V be a symplectic vector space of dimension n with base field F and 
G G SIRSp(n, F) . Assume further the action is not quasi-primitive and that N<G is maximal 
such that Vn is not homogeneous. Let Vn = V\ @ ■ ■ ■ ® V t where Vi 's are the homogeneous 
N -modules and clearly t > 2. Then either all Vi are non-singular or all are totally isotropic. 
In the first case, dim(^) is even, G < H I S as linear groups where H G SIRSp(Vi). In the 
second case t = 2, Vi is isomorphic to V* as an N -module, and we say that Vn is a pair. 

Proof. V is a symplectic G- module with respect to the non-singular symplectic form ( , ). 
By [191 Proposition 0.2], S = G/N faithfully and primitively permutes the homogeneous 
components of Vjv. Set / = Ng(Vi), by Clifford's Theorem, V% is an irreducible /-module. 
Since the form ( , ) is G-invariant, the subspace {v G Vi | (v,v') = for all v' G Vi} is 
an J-submodule of V\ and the form ( , ) is either totally isotropic or non-singular on V%. 
Since G transitively permutes the Vi, the G-invariant form ( , ) is simultaneously totally 
isotropic or non-singular on all the Vi. If the form is non-singular on each Vj, then let 
H = N g (Vi)/Cg(Vi) and we know H G SIRSp(Vi), G < H I S as linear groups. Hence, we 
assume that each Vi is totally isotropic. 

Let j G {1, . . . ,t}. Then, set V/- = {v G V | (vVj) = for all Vj G Vj}. For v G V, 
we consider the map /„ G V* := Houlf(Vj-,F), defined by f v (vj) = (v,Vj),Vj G Vj. Then 
v i-)- /„, v G V, induces a iV-isomorphism between V/Vj 1 and the dual space V*. Since Vn is 
completely reducible, there exists an iV-module Uj such that Vn = V^~ © Uj. Thus Uj = V* 
is homogeneous and Uj = V^u\ for a permutation tt G St- Then tt is an involution in St and 
the permutation action of S commutes with tt. Hence, S acts on the orbits of tt. Since tt 
is not the identity, and the action of S is primitive, it follows that tt has a single orbit and 
t = 2. □ 

Lemma 2.8. Let V be a symplectic vector space of dimension 2n with base field F and 
G G SIRSp(2n, F) ? |F| = p where p is a prime. Assume G acts irreducibly and quasi- 
primitively on V and e = 1, then we have the following: 

(1) G < T(p 2n ). G/U is cyclic and \G/U\ | 2n. 

(2) U <T (p 2n ) and \U\ \p n + l. 

Proof. By [25| Proposition 3.1(1)], G may be identified with a subgroup of the semi-direct 
product of GF(p 2ri ) x by Gal(GF(p 2n ) : GF(p)) acting in a natural manner on GF(p 2n ) + . 
Also GnGF(p 2n ) x = U and |GnGF(p 2n ) x | | p n + l. Clearly G/U is cyclic of order dividing 
2n. Now (1) and (2) hold. □ 

Lemma 2.9. Let V be a finite, faithful irreducible G-module and G is solvable. Suppose V 
is a vector space of dimension n over the field F. Let (n, F) = (4, F 2 ) ; then \G\ < 6 2 • 2 and 
NEP {2 ,3}'(G) < 4. Also G wo is abelian and G„ C F(G). 

Proof. G satisfies one of the following: 

(1) G < S 3 I S 2 . Clearly |G| | 6 2 • 2 and G m = 1. 
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(2) V is irreducible and quasi-primitive, e = 1 and G < T(2 4 ). |G| | 60, G nQ < Z 5 and 
G no C F(G). Clearly NEP {2j3} ,(G) < 4. 

Hence the result holds in all cases. □ 

Lemma 2.10. Let n be an even integer and V be a symplectic vector space of dimension n 
of field F. Let G GSCRSp(n,F). 

(1) Let (n,F) = (2,F 2 ), then G < S 3 and |G| | 6. 

(2) Let (n,F) = (4,F 2 ), then \G\ < 6 2 • 2 and NEP^ (G) < 4. Also G no is abelian and 
G, CF(G). 

(3) Let (n,F) = (6,F 2 ), toen |G| < 6 4 ; NEP^ (G) < 6. Also G m is abelian and G wo C 
F(G). 

(4) Lei (n,F) = (8,F 2 ), tfaen |G| < 6 4 • 24 and NEP^G) < 24. 

(5) Let (n,W) = (2,F 3 ), toen G < SL(2,3) and \G\ | 24. 

(6) Lei (n,F) = (4,F 3 ), i/*en |G| < 24 2 • 2, NEP 5 (G) < 64 and G /ias no elements with 
prime order p > 7. 7/5 | |G| ; i/ien |G| < 320. 

Proof. V is a symplectic G-module with respect to the non-singular symplectic form ( , ). 
If V is not irreducible, we may choose an irreducible submodule W of V of smallest possible 
dimension and set dim(W) = m. Since the form ( , ) is G-invariant, the subspace {v G 
W | (v,v') = for all v' G W} is a submodule of W and the form ( , ) is either totally 
isotropic or non-singular on W. If the form ( , ) is totally isotropic on W, then set W ± = 
{v G V | (vw) = for all w G W 7 }. For v G V, we consider the map /„ G W* := Hom F (iy, F), 
defined by f v (w) = (v,w),w G W. Then v 4 /„?) £ V, induces a G-isomorphism between 
V/W 1 - and the dual space W*. Since 1/ is completely reducible, we may find an irreducible 
G-submodule U = W* such that the form is non-singular on X — W © U. If the form ( , ) 
is totally isotropic on W and n > 2m, then V = X © X where X is not trivial. If the 
form ( , ) is non-singular on W, then V = W © W 1 - where W ± is not trivial. In both cases 
we may view G < SCRSp(Vi) x SCRSp(V 2 ) as linear groups where dim(Vi), dim(V 2 ) < n. 
If the form ( , ) is totally isotropic on W and n = 2m, then V = W © U and the action of 
G on V is a pair. We use this fact in the following arguments. 
We prove these different cases one by one. 

(1) Let (n,F) = (2,F 2 ). Then G < S 3 and |G| | 6. 

(2) Let (n, F) = (4, F 2 ). Assume V is irreducible, then the result follows from Lemma [2T9l 
Assume V is reducible, then G < S 3 x S3, |G| | 6 2 and G^ = 1. 

(3) Let (n, F) = (6,F 2 ). Assume V" is irreducible and not quasi-primitive, then by 
Lemma 12.71 G satisfies one of the following: 

(a) t — 2 and dim(Vi) = 3, the action of iV on V must be a pair. Thus iV < T(2 3 ) 
and F(N) = Z 7 . G m S Z 7 , |G| < 21 • 2 = 42 and G^ C F(G). 

(b) t = 3 and G < S3I S3. Thus |G| | 6 4 and G^, = 1. 

Assume V is irreducible and quasi-primitive, then G satisfies one of the following: 

(a) e = 1 and |G| < (2 3 + 1) • 6 = 54 by Lemma EE Clearly G no = 1. 

(b) e = 3. By Theorem|2J2j A/F < SL(2, 3), \W\ = 2 2 and dim{W) \ 2. Thus |C/| = 3 
and \G/A\ | 2. |G| | 2 • 24 • 3 3 by Lemma O Clearly G^ = 1. 

Assume V is reducible, then G satisfies one of the following: 
(a) G < GL(3,2) x GL(3,2) and the action of G on V is a pair. Thus G < T(2 3 ), 
G nQ = Z 7 and G wo C F(G). Thus |G| < 21 and NEP {2)3 y(G) < 6. 



(b) G e SCRSp(2,2) x SCRSp(4,2). Thus |G| < 6 3 • 2, NEP {2i3 y(G) < 4, G wo is 
abelian and G Wo C F(G) by (1) and (2). 
Hence the result holds in all cases. 

(4) Let (n, F) = (8, F 2 ). Assume V is irreducible and not quasi-primitive, then by 
Lemma 12.71 G satisfies one of the following: 

(a) t — 2 and G < H I S 2 where H is an irreducible subgroup of GL(4,2). By 
Lemma [231 \G\ < (6 2 • 2) 2 • 2 and NEP {2 . 3} ,(G) < 5 • 5 - 1 = 24. 

(b) t = 4 and G < S 3 I S 4 . Clearly \G\ | 6 4 • 24 and G nQ = 1. 

Assume V is irreducible and quasi-primitive. Since 2 { e | 8, e = 1. By Lemma [2.8^ 
\G\ | (2 4 + 1) • 8 = 136, G T0 = Z 17 and NEP {2>3} ,(G) < 16. 
Assume V is reducible, then G satisfies one of the following: 

(a) G < GL(4, 2) x GL(4, 2) and the action of G on V is a pair. Thus by Lemma \2.9\ 
\G\ < 6 2 • 2 and NEP {2j3} ,(G) < 4. 

(b) G e SCRSp(4,2) x SCRSp(4,2). Thus |G| <6 4 -4, NEP {23} ,(G) < 5 • 5 - 1 = 24 
by (2). 

(c) G e SCRSp(2, 2) x SCRSp(6, 2). Thus |G| < 6 5 , NEP {2 , 3} ,(G) < 1 • 7 - 1 = 6 by 
(1) and (3). 

Hence the result holds in all cases. 

(5) Let (n,F) = (2,F 3 ), then G < Sp(2,3) = SL(2,3) and |G| | 24. 

(6) Let (n, F) = (4, F 3 ). Assume V is irreducible and not quasi-primitive, then by 
Lemma 12.71 G satisfies one of the following: 

(a) t — 2 and the form is totally isotropic on V%, the action of iV on V is a pair. 
\N\ | |GL(2,3)| = 48 and \G\ | 96. 

(b) t = 2 and the form is non-singular on V±, G < SL(2, 3) I 5* 2 . Thus |G| | 24 2 • 2 and 

Gttq = 1. 

Assume further the action of G on V is quasi-primitive. It is well known that a 
maximal subgroup of Sp(4, 3) is isomorphic to one of the five groups Mi,M 2 ,M 3 ,M4 
and M 5 , where Mi £ SL(2,3)^ 2 and |M 2 | = |M 3 | = 2 4 -3 4 , |0 3 (M 2 )| = |0 3 (M 3 )| = 3 3 , 
M 4 = 2.Sq, M 5 = (Z) 8 y Qs).A 5 . We can hence assume G is maximal among the 
solvable subgroups of M 2 , M 3 , M 4 or M 5 . Assume G is a subgroup of M 2 or M 3 , then 
clearly |G| | 48. Assume G is a subgroup of M 4 , it is not hard to show that |G| | 96 
or |G| | 40. Assume G is a subgroup of M 5 , then G = (D s y Q%).L where L is 5 3 , 
v4 4 or Fio and thus we know |G| < 384 and |G| < 320 if 5 | |G|. It is checked by 
GAP [7] that for all G quasi-primitive and |G| < 384, NEP 5 (G) < 64 and G will have 
no elements with other prime order. 

Assume V is reducible, then G satisfies one of the following: 

(a) G < GL(2,3) x GL(2,3) and the action of G on V is a pair. Thus |G| | 48 and 

Gttq = 1. 

(b) G < SL(2,3) x SL(2,3). Thus |G| | 24 2 and G no = 1. 
Hence the result holds in all cases. 

□ 

Lemma 2.11. Let G be a finite solvable group on a finite set Q. Then there exists a subset 
A C Q such that Stabc(A) is a {2,3}-group. Here, A can be chosen to have non-empty 
intersection with every orbit of G on Q. 

Proof. This is [T91 Corollary 5.7(a)]. □ 
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3. Orbit theorems 



In this section, we prove the key orbit theorem of this paper. The proof relies on some of 
my previous work. [28] and (29] give a complete list of e such that a solvable quasi-primitive 
group G will have regular orbits on V. Based on this, we have the following. 

Theorem 3.1. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi- 
primitively on a finite vector space V . By Theorem \2.£\ G will have a uniquely determined 
normal subgroup E which is a direct product of extra-special p-groups for various p and 
e = ^\E/Z(E)\. Assume e = 5, 6, 7 or e > 10 and e ^ 16, then G will have at least two 
regular orbits on V . 

Proof. This is [2"8"j Theorem 3.1] and [23 Theorem 3.1]. □ 

Theorem 3.2. Let G be a finite solvable group and let V be a finite, faithful, irreducible 
and quasi-primitive G -module. Then there exists a normal subgroup K C F 2 (G) and there 
exist two G -orbits with representatives v a , v 5 £ V such that for any H £ Hall 7ro ((j) ; we have 
Ch(vo) and Cff(t>&) C K. The Hall no-subgroup of KF{G) /F{G) and the Hall TT -subgroup 
ofKC\F(G) are abelian. Furthermore, either C 0vQ (Kr\F(G))(v a ) = 1 or C 0jrQ (k nF(G))(u&) = 1. 

Proof. We adopt the notation in Theorem 12.21 By Theorem 13.11 we may assume e = 
1,2,3,4,8,9, 16. Since e is not divisible by a prime p > 5, we may assume that \G/A\\A/F\ 
is divisible by some prime p > 5. Otherwise the result is clear since all the elements of 
7To-order that belong to F(G) act fixed point freely on any nontrivial vectors of V. 
In order to show that G has two 7To-regular orbits on V it suffices to check that 



U cv( p ) 

PeSP^ (G) 



\G\<\V\. 



< 



We will divide the set SP 7ro (G) into a union of sets A; t . Clearly Upgsp^ (G)^v(P) 

Ei \UpeAi C v(P)\- We will find ft < e such that |C y (P)| < \W\^ b for all P £ A*. We will 
find a,i such that \AA\ < a,,. Since \V\ = \ W\ eb , it suffices to check that 

■ \W\^ b /\W\ eb + \G\/\W\ eb < 1. 

i 

We call this inequality *. 



Assume e = 16. Define A x = {(x) \ x £ EP^ (A\F)}. Thus \C V (P)\ < \W\ 5b for all P £ 
A x by LemmaElK) and we set ft = 5. \A X \ < 24 ■ 2 8 ■ (\W\ - l)/2/4 = a x by Lemma[23(2) 
and Lemma IZM4). Define A 2 = {(x) | a; £ EP^ (G\A)}. Thus \C V (P)\ < \W\ 8b for all 
P £ A 2 by Lemma[23l3) and we set ft = 8. \A 2 \ < Llog 5 (dim(iy))J -24-6 4 -2 8 - (\W\ -1) = a 2 
by Lemma[2j3 \G\ < dim(W) ■ 24 • 6 4 • 2 8 ■ (|W | - 1). It is routine to check that * is satisfied. 

Assume e = 9. 

Assume that p | |Cr/A| for some p > 5. Thusp | dim(W / ). Since p \ dim(W) and 3 | 1, 
\W\ > 4P. Define A x = {(x) \ x £ EP no (A\F)}. Thus |C V (P)| < |l^| 3fe by Lemma E3J2) 
for all P £ Ai and we set ft = 3. < 64 • 3 4 • (\W\ - l)/3/4 = ai by Lemma Q2) and 
Lemma EM6). Define A 2 = {(x) | x £ EP WU (G\A)}. Thus |C V (P)| < \W\l b for all P E A 2 



and we set ft = § by Lemma E2P). |A 2 | < Llog 5 (dim(W))J • 24 2 • 2 • 3 4 • (\W\ - 1) = a 2 by 
Lemma ESJ \G\ < dim(W) • 24 2 ■ 2 ■ 3 4 ■ (|W| - 1). It is routine to check that * is satisfied. 

Assume that p \ \G/A\ for any p > 5. Thus we may assume that p \ \A/F\ for some p > 5. 
|A/P| < 320 by Lemma |2HD(6) . Define A x = {(x) | x G EP^ (A\P)}. Thus \C V (P)\ < 
\W\ 3b for all P G Ai by Lemma [231(2) and we set ft = 3. |Ai| < 64 ■ 3 4 ■ (\W\ - l)/3/4 = a x 
by Lemma E3](2) and Lemma EZHD(6) . \G\ < dim(W) • 320 • 3 4 • (\W\ - 1). It is routine to 
check that * is satisfied. 

Assume e = 8. Since (A/F) no is abelian and (A/F) no C F(A/F), we may assume that 
p | |G/A| for some p > 5. Thus p | dim(W / ). Since p \ dim(W) and 2 | |W| — 1, \W\ > 3 P . 
Define Ai = {(x) | x G EP Wo (A\F)}. Thus |C y (P)| < \W\ 2b for all P G A 1 by Lemma [22(2) 
and we set ft =2. |Ai| < 6-2 6 -(|W|-l)/2/4 = o x by Lemma[23(2) and LemmalOp). De- 
fine A 2 = {(x) | x G EP wn (G\A)}. Thus |C y (P)| < for all P G A 2 by Lemma [23(3) 
and we set ft = §. |A 2 | < [log 5 (dim(W)) J • 6 4 • 2 6 • (|W| - 1) = a 2 by Lemma ES 
|G| < dimVT • 6 4 • 2 6 • (\W\ — 1). It is routine to check that * is satisfied. 

Assume e = 4. Since (A/F) no is abelian and (A/F) no C F(A/P), we may assume that 
p | \G/A\ for some p > 5. Thus p | dim(W). Since p | dim(W) and 2 | |W| - 1, \W\ > 3 P . 
Define A 1 = {(x) \ x G EP^ (A\P)}. |C y (P)| < for all P G A 1 by Lemma [23(2) and 
we set ft = 1. |A X | < 4 • 2 4 • (|W| - l)/2/4 = a x by Lemma E3](2) and Lemma EUp). De- 
fine A 2 = {(x) | x G EP 7ro (G\A)}. Thus \C V (P)\ < \W\l b for all P G A 2 by Lemma E3(3) 
and we set ft = §. |A 2 | < [log 5 (dim(W))J ■ 6 2 • 2 • 2 4 ■ (\W\ - 1) = a 2 by Lemma E21 
|G| < dim W ■ 6 2 ■ 2 ■ 2 4 ■ (\W\ - 1). It is routine to check that * is satisfied. 

Assume e = 3. Since (A/F) no = 1, we may assume that p \ \G/A\ for some p > 5. 
Thus p | dim(W). Since p | dim(W) and 3 | |W| - 1, |W| > 4 P . Define Ai = {(x) | x G 
EP W0 (G\A)}. Thus \C V (P)\ < \W\l b for all P G Ai by Lemma [23(3) and we set ft = |. 
|Ai| < Llog 5 (dim(iy))J -24-3 2 -(|iy|-l) = a x by Lemma ES |G| < dim W ■ 24 • 9 ■ (\W\ - 1). 
It is routine to check that * is satisfied. 

Assume e = 2. Since (A/F) nQ = 1, we may assume that p | \G/A\ for some p > 5. 
Thus p | dim(W). Since p | dim(W) and 2 | |W| - 1, |W| > 3 P . Define Ai = {(x) | x G 
EP W0 (G\A)}. Thus |C y (P)| < |W|§ 6 for all P G Ai by Lemma [23(3) and we set ft = §. 
Since Aut(5*3) = S3 and Aut(^) = Z 2 , all the elements of prime order p > 5 in G\A acts 
trivially on A/F. Since G/A is cyclic, NSP 7ro (G/P) < log 5 (dim(W / )). It is easy to see that 
|Ai| < Llog 5 (dim(iy))J ■ 2 2 ■ (\W\ - 1) = a x . \G\ < dim W • 6 • 4 • (|W| - 1). It is routine to 
check that * is satisfied. 

Assume e = 1, we have G < T(V). We know that fl(G) < 2, (F 2 (G)/F(G)) 7ro and F(G) 7ro 
are abelian. □ 

We now restate Theorem A for convenience. This theorem may be viewed as the linear 
group analog of Lemma I2.11[ 

Theorem A. Let G be a finite solvable group and let V be a finite, faithful and completely 
reducible G-module(possibly of mixed characteristic). Then there exists K<G, K C F 2 (G) 
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and there exist two G-orbits with representatives v a , v & G V such that for any H G Hall vro (G), 
we have C#(t> a ) C K and Cn(vb) C K. T/ie 7r -subgroup of KF{G)/F{G) and the no- 
subgroup of K H F(G) are abelian. Furthermore, C Oir0 (KnF(G))(v a ) H C o „ (KnF(G))(vb) = 1- 

Proof. We consider minimal counterexample on |G| + dim V. 

Step 1. is an irreducible G-module. Assume not, we have V = V\ © V2 and each is 
a non-trivial G-module. Let Ci = Ca(Vi) and V< is a faithful G/Gi-module. Let Gi = G/Ci 
and we know that G < Gi x G 2 . There exists t>; a , G Vi where f; a , fjb are in different 
Gj orbits and Ki < Gj such that for any if, G Hall 7ro (G i ), C^(f ia ) C i^j C F 2 (Gj) and 
C^(wjfe) C Ki C F 2 (Gj). Also the 7r -subgroup of K i F(G i )/F(G i ) and the 7r -subgroup of 
fQ n F(Gj) are abelian and C jff . n F(G)(v*a) H C HinF{G) (v ib ) = 1. 

Let u a = Vi a + ^2a, ^6 = i>i& + f 2 6 and X = G H (i^i x i<" 2 ). Let if G Hall vro (G) and 
if* = HCi/d. C H (v a ) C C Hl (vi a ) x C^ 2 (t; 2a ) C ^ x AT 2 . C H (u 6 ) C C Hl K) x C H2 (v 2b ) C 
#i x fT 2 . Clearly KF(G)/F(G) C #iF(Gi)/F(Gi) x iT 2 F(G 2 )/F(G 2 ) and AT n F(G) C 
fCi HF(Gi) x ii~ 2 nF(G 2 ). 

Co 7ro (E'nF(G))(^la+W2a)nCo wo (^nF(G))(^lb+^2fe) C (C O ^ (i<T in F(Gi)) (^la)nC ^ (jfinF(Gi)) (^l&)) X 
(C Ox0 (iC 2 nF(G 2 ))(u2o) HI C 0xp (iC 2 nF(G 2 ))(^26)) = 1. 

Step 2. If V is not quasi-primitive and there exists a normal subgroup N of G such that 
Vjv = V\ © • • • © V m for m > 1 homogeneous components V* of Vjv- If AT is maximal with 
this property, then S = G/N primitively permutes the V{. Also V = V±, induced from 
N G (Vi). Let Li = N g (V a i)/Cg(V / i), then L\ acts faithfully and irreducibly on V\ and G is 
isomorphic to a subgroup of L\ I S. Now, by induction, L x has at least two orbits of elements 
with representatives V\,U\ G V\ and K\ < L x such that for ifi G Hall 7ro (CL 1 (vi)) or i^ G 
HaU^Cj^ui)) we have H x Q K x Q F 2 (L 1 ). Also the 7r -subgroup of i^iF(Li)/F(Li) and 
the 7r -subg roup of ifi nF(I r ) are abelian. Also Co^K^L^ivi) H C o , (x 1 nF(L 1 ))(^i) = 1- 
By Lemma I2.11[ there exist two G-orbits with representatives v a , v b G V and K < G such 
that for if G HalW (C G (w a )) or ii G Hall 7ro (C G (> 6 )) we have H C K C F 2 (G). Also the 
7r -subgroup of KF(G)/F(G) and the 7r -subgroup of X D F(G) are abelian. Furthermore, 

Co no (Kn¥{G))(Va) H C 07r9 (XnF(G))K) = 1- 

Step 3. V is quasi-primitive, the claim follows by Theorem 13.21 Final contradiction. □ 

Theorem 3.3. Let G be a finite solvable group and let V be a finite, faithful and completely 
reducible G -module (possibly of mixed characteristic) . Let p be a prime and p > 5. Then 
there exists K < G , K C F 2 (G) and there exists a G-orbit with representative v G V such 
that for any P G Syl p (G) we have Cp(v) C K. Also the p-subgroup of KF(G) /F(G) and the 
p-subgroup of K fl F(G) are abelian. Furthermore, \Co p (KnF(G)){ v )\ < \O p {K fl F(G))! 1 / 2 . 

Proof. By Theorem A, there exist two G-orbits with representatives t> a , t> & G V and K <G 
such that for ii G HalLjG), we have C H {v a ) C AT C F 2 (G) and dr(u 6 ) CifC F 2 (G). The 
7r -subgroups of AT(G)/F(G) and iT fl F(G) are abelian. Furthermore Co 7rQ (xnF(G))(' u a) H 
Co,r (KnF(G)) { v b) = 1- Let P G SyL(G), then P C H G Hall 7ro (G) for some ii. Thus 
C P (v B ) C C H (w a ) CfC F 2 (G) and C P (w 6 ) C C H (v b ) CifC F 2 (G). Also the p-subgroups 
of KF(G)/F(G) and AT n F(G) are abelian. 

Let P 1 = O v {K n F(G)), then C Pl «) n C Pl (^) = 1. Since |C ft (v )| • |C Pl (^)| = 



|c Pl K)|.|c Pl K)| 
\c Pl (v a )nc Pl (v b )\ 



Cp 1 (v a )Cp 1 (vb)\ < \Pi\- It follows that, either 



C Pl «)| < ot 




□ 



ii 



4. Blocks of small defect 

Let G be a finite group. Let p be a prime and \G\ P = p n . An irreducible ordinary character 
of G is called p-defect if and only if its degree is divisible by p n . By P, Theorem 4.18], 
G has a character of p-defect if and only if G has a p-block of defect 0. An important 
question in the modular representation theory of finite groups is to find the group-theoretic 
conditions for the existence of characters of p-defect in a finite group. It is an interesting 
problem to give necessary and sufficient conditions for the existence of p-blocks of defect 
zero. If a finite group G has a character of p-defect 0, then O p {G) = 1 [6, Corollary 6.9]. 
Unfortunately, the converse is not true. Zhang [31] and Hiroshi [TTJ [12] provided various 
sufficient conditions where a finite group G has a block of defect zero. 

Although the block of defect zero may not exist in general, one could try to find the 
smallest defect d(B) of a block B of G. One of the results along this line is given by J5j 
Theorem A]. In [5J, Espuelas and Navarro bounded the smallest defect d(B) of a block B of 
G using the p-part of G. Using an orbit theorem [4J Theorem 3.1] of solvable linear groups 
of odd order, they showed the following result. Let G be a (solvable) group of odd order 
such that O p (G) = 1 and \G\ P = p n , then G contains a p-block B such that d(B) < [n/2\. 
The bound is best possible, as shown by an example in [5]. 

It is not true in general that there exists a block B with d(B) < [n/2\ , as G = A-j(p = 2) 
shows us. However, the counterexamples where only found for p = 2 and p = 3. By work 
of Michler and Willems [T71 126] every simple group except possibly the alternating group 
has a block of defect zero for p > 5. The alternating group case was settled by Granville 
and Ono in [TO] using number theory. In fact, they proved the t-core partition conjecture 
and the most difficult case was handled by modular forms. Based on this, the following 
question raised by Espuelas and Navarro [3] seems to be natural. If G is a finite group with 
O p (G) — 1, p > 5, and \G\ P = p n , does G contain a block of defect less then [_§ J? 

In this section, we study this question and show that for solvable group G, O p {G) = 1 
and p > 5, G contains a block of defect less than or equal to J • The proof relies on the 
previous orbit theorem (Theorem 13. 3p . The bound we obtain here is pretty sharp since |_§ J 
is the best one may get. We restate Theorem B for convenience. 

Theorem B. Let G be a finite solvable group such that O p (G) = 1 for p > 5 and let 
\G\p = P n - Then G contains a p-block B such that d{B) < ■ 

Proof. Induction on Consider G = G/$(G). As F(G/$(G)) = F(G)/<S>(G), we have 
that O p (G) = 1 and \G\ P = \G\ P . If ^ 1, then the result is true for G. Let B be a 

p-block of G such that d(B) < By [HI Lemma V.4.3], there exists a p-block B of G 

such that d(B) = d(B). Hence we may assume that $(G) = 1. 

Now, V = Irr(F(G)) is a faithful and completely reducible G = G/F(G)-module (over 
different fields, possibly). Put V = V\ @ ■ ■ ■ ®V t) where each Vi is an irreducible G-module. 
Define K t = Cg(Vi) and Gi = G/Ki. By Theorem 13.31 there exists a normal subgroup 
K C F2(G) and there exists a G-orbit with representatives A £ V such that for any P £ 
Syl p (G) we have Cp(A) C K. Also the p-subgroup of KF(G)/F(G) and the p-subgroup of 
KC]F(G) are abelian. Furthermore, |C 0p(imF((5)) (A)| < \O p (K PI F(G))| 1/2 . Let p n = \G\ P , 
p n ^ = \KH F(G)\ P , p n2 = \KF(G) : F(G)\p and p ns = \G : K\ p . Clearly n = n x + n 2 + n 3 . 

12 



Take \ £ Irr(G) lying over A and let B be the p-block of G containing x- As F(G) is a p'- 
group, [6J Lemma V.2.3] shows that every irreducible character ip in B has A as an irreducible 
constituent. Now ip(l) p > \G : Cg(A)| p ■ \K n F(G)| V2 ^ p ns ■ p" 1 / 2 by Theorem HQ] 

Let P/F(G) be the Sylow p-subgroup of KF(G)/F(G) and let P be the preimage of it. 
Let Y = P '(F(G)), observe that W = Irr(Y/§(Y)) is a faithful and completely reducible 
P/F(G)-module. Since P/F(G) is abelian, there exists fi e W such that Cp(/i) = F(G). 
We may view fi as a character of the preimage X of Y" in G. Observe that X is a p'-group. 
Take £ G Irr(G) lying over /i. Now £ lies over an irreducible character of P lying over /z. 
Clearly, 0(l) p > |P/F(G)| = p na . As P is normal in G, we have f(l) p > 0(l) p > p n \ Let 
B be the p-block of G containing £. As X is a p'-group, [6] Lemma V.2.3] shows that every 
irreducible character 5 in B has fi as an irreducible constituent and S(l) p > p n2 . 

Let Pi/F(G) be the Sylow p-subgroup of K fl F(G) and let Pi be the preimage of it. 
Since Pi/F(G) is normal in G/F(G), V = Irr(F(G)) is a faithful and completely reducible 
Pi/F(G)-module. Since Pi/F(G) is abelian, using a similarly argument as the previous 
paragraph, we may find a block B such that every irreducible character ip in B satisfies 
<p(l) p > \KnF(G)\ p = p n K 

We know there is a block B such that for every irreducible character a in B, a(l) p > 
max(p n3 • p ni / 2 ,p n2 ,p ni ). It is not hard to see that a(l) p > p~^ and thus d(B) < [^J • D 

Remark: Although the result for the solvable group case is satisfactory, the conjecture of 
Espuelas and Navarro for arbitrary finite groups is wide open. 

5. p PART OF \G : F(G)\ AND IRREDUCIBLE CHARACTER DEGREES 

If P is a Sylow p-subgroup of a finite group G it is reasonable to expect that the degrees 
of irreducible characters of G somehow restrict those of P. Let p a denote the largest power 
of p dividing for an irreducible character x of G and b(P) denote the largest degree of 
an irreducible character of P. Conjecture 4 of Moreto [20] suggested logfe(P) is bounded as 
a function of a. Moreto and Wolf [22] have proven this for G solvable and even something a 
bit stronger, namely the logarithm to the base of p of the p-part of \G : F(G)| is bounded in 
terms of a. In fact, they showed that \G : F(G)\ P < p l9a . Moreto and Wolf [22J also proved 
that \G : F{G)\ P < p 2a for odd order groups, this can also be deduced from [5]. This bound 
is best possible, as shown by an example in [3]. It is possible that p a < b(P) at least when 
p = 2, as shown by an example of Isaacs [20, Example 5.1]. 

Moreto and Wolf [22] suggested that a better bound \G : F{G)\ P < p 2a might be true for 
all solvable groups. In fact, they believe [221 Question 2.2] that for solvable groups one may 
find two irreducible characters xi an d X2 such that \G : F(£r)| | xi(l)X2(l)- Although it is 
difficult to answer this question in general, we are able to prove a closely related result using 
the previous orbit theorem. As a corollary, we show that \G : F(G)\ p < p 3a for p > 5. 

The following result is closely related to [2^1 Theorem A]. 

Theorem 5.1. If G is solvable, there exists a product 9 = X1X2X3 °f distinct irreducible 
characters xi> X2 o,nd X3 such that \G : F(G)\ no divides 0(1). 

Proof. By Theorem A, we may choose x £ Irr(G) and K <G such that F(G) is not in Ker% 
and \G : K\ T0 divides We can choose G Irr(G) such that F(G) is in Ker0 and 

|i^F 2 (G) : F 2 (G)| 7ro divides 0(1). We can choose /1 G Irr(G) such that F(G) is not in Ker/x 
and \K n F(G) : F(G) \ m divides /i(l). 
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Then is distinct since F(G) is in Ker0 but not in Ker% and Ker/i. If \x is Xi the product 
9 = x<P satisfies the conclusion. Else 9 = x<M does. □ 



The following result is closely related to [22| Theorem A']. 

Theorem 5.2. If G is solvable, there exist conjugacy classes C\, C2 and C3 such that 
\G : F(C)| 7ro divides |Ci||C 2 ||C 3 |. 

The following result improves [22J Corollary B] for p > 5. 

Corollary 5.3. Suppose thatp a+l does not divide for all \ £ Irr(G) and let P £ Syl (G) 
w/iere p > 5. J/G is solvable, then \G : F(G)| P < p 3a , b{P) < p 4a and dl(P) < log 2 a + 7. 

Proof. There exists a product 9 = X1X2X3 °f distinct irreducible characters x« such that 
\G : F(G)| 7ro divides 9(1) by Theorem O and so \G : F(G)| P < p 3a . If P £ Syl p (G), then 
6(P) < \P : O p (G)||6(O p (G))| = \G : F(G)| p |6(O p (G))| < p 3 V = p 4a . 

Now, we want to prove the last part of the statement. By [T6], Theorem 12.26] and 
the nilpotency of P, we have that P has an abelian subgroup B of index at most b(P) A . 
By [231 Theorem 5.1], we deduce that P has a normal abelian subgroup A of index at most 
\P : B\ 2 . Thus, |P : A\ < \P : 5| < 6(P) 8s , where 6(P) = p s . By [T31 Satz III.2.12], 
d\(P/A) < 1 + log 2 (8s) and so dl(P) < 2 + log 2 (8s) = 5 + log 2 (s). Since s is at most 4a, the 
result follows. □ 

We now state the conjugacy analogs of Theorem 15.31 Given a group G, we write b*(G) 
to denote the largest size of the conjugacy classes of G. The following result improves [221 
Corollary B'] for p > 5. 

Corollary 5.4. Suppose that p a+l does not divide \C\ for all C £ cl(G?) and let P £ SyL(G) 
where p>5. If G is solvable, then \G : F(G)| P < p 3a , b*(P) < p Aa and \P'\ < p 2a (^+i) _ 

Proof. The first statement follows directly from Theorem 15.21 Write N = O p (G). It is clear 
that \N : Cn(x)\ divides \G : Cg(x)| for all x E G. Thus, if we take x £ P we have that 

|cl F (x)| = |P : C P (x)\ <\P:N\\N : C N (x)\ < p 3a p a = p 4a 

Finally, to obtain the bounds for the order of P' is suffices to apply a theorem of Vaughan-Lee 
[111 Theorem VIII. 9. 12]. □ 

6. HUPPERT p - O CONJECTURES 

In this section we discuss Huppert's p — a conjectures. 

If n is a positive integer, we denote by 7i(n) the set of all prime divisors of n. Let x be an 
irreducible complex character of a group G, we denote by ir(x) the set of all prime divisors 
of the degree of x- We define 

a{G) =max{|7r(x)| : X e Irr(G)} and p{G) = \J tt(x). 

Xelrr(G) 

Thus p(G) are those primes that divide the degree of some irreducible character of G and 
cr(G) is the maximum number of primes dividing the degree of an irreducible character of 
G. By Ito's theorem, p(G) is precisely the set of all primes p such that G does not have a 
normal abelian Sylow p-subgroup. 
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Similarly, if g G G, we denote by vr(g G ) the set of all prime divisors of \G : Cc(g)\, the 
size of the conjugacy class of g G G. We define 

a*{G) = max{|7r(^ G )| : g G G} and p*{G) = (J 7t(g G ). 

Thus p*(G) is the set of all prime divisors of the sizes of conjugacy classes of G. It is an 
elementary fact that p*(G) = n(G/Z(G)). cr*{G) is the maximum number of distinct primes 
dividing the order of some conjugacy class of G. 

A lot of research has been made on character degrees of finite groups since the eighties due 
to the interest of B. Huppert. One of the main problems that Huppert raised was his well- 
known p — a conjectures. The Huppert's p — a conjectures state that there is an irreducible 
character x of G and a conjugacy class C of G such that the degree of x an d \C\ are each 
divisible by many primes. Huppert's p — o conjecture is a problem of central importance in 
group theory and character theory; many people are devoted to the study of this problem. 

For the character theoretic p— a problem, Huppert conjectured that |p(G)| can be bounded 
in terms of cr(G), and if G is solvable, then even |p(G)| < 2a{G). In [21] Moreto proved 
that, for any group G, \p(G)\ < 4<t(G) 2 + 6.5a(G) + 13. This bound was improved to 
|p(C)| < 7cr(G) by Casolo and Dolfi [3j Theorem 1]. Up to now the best known bound for G 
solvable is \p(G)\ < 3a(G) + 2 and even \p(G)\ < 3a(G) for \G\ odd by Manz and Wolf [HI 
Theorems 1.4 and 1.5]. 

For the conjugacy class p* — a* problem, Huppert also conjectured that < 2a*(G) 

for G solvable. Casolo [T] showed that < 2a* (G) for a very large family of groups. 

But Casolo and Dolfi [2] disproved the obvious conjecture by constructing solvable groups 
G n for which \p*(G n )\/a*(G n ) — > 3 as n — > oo. In [21] Moreto proved that, for any group G, 
\p(G)\ < 3a*(G) 2 + 7.5a*(G) + 11. This bound was improved to \p(G)\ < 7a(G) by Casolo 
and Dolfi [3l Theorem 2]. Up to now the best known bound for G solvable is < 4cr*(G) 

by Zhang [32] . 

Theorem A yields linear bounds for arbitrary solvable groups in both versions of the 
problem. Thus, it provides a unified approach to the character-theoretic and the conjugacy 
class version of the p — o conjectures. The following theorem is about the character-theoretic 
version of the p — o conjectures. 

Theorem 6.1. Suppose that M is a normal elementary abelian subgroup of the solvable 
group G. Assume that M = Cg(M) is a completely reducible G-module (possibly of mixed 
characteristic) . Set V = Irr(M) and write V = V\ © • • • © V m for irreducible G-modules V*. 
For each i, write V = Y { G for primitive modules 5^. Then there exists Irr(G) whose degree 
is divisible by at least half the primes of 'ttq(G/M). 

Proof. We may write each V i as a direct sum of the G-conjugates of Y^, i = 1, . . . , m. 
Consequently, V — X\ © • • • © X n for subspaces X t of V permuted by G (not necessarily 
transitively) with {Y 1 , . . . , Y m } C {X 1 , X n }. Furthermore, if N { = N G (JQ), G = C G pQ) 
and Fi/Ci = F(iVj/Cj), then Xi is a primitive, faithful iVj/CVmodule. We denote by iVj = 
Ni/Ci. 

Let N = f] { Ni < G be the kernel of the permutation representation of G on {X%, . . . , X n }. 
Since f^Q = M, we have f)i F i/ M = F(N/M) < G/M. Let F = (\F U so that F/M = 
F(N/M). 
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By Lemma T2.111 we may choose A G {Xi,...,X n } such that stabc(A)/A" is a {2,3}- 
group. Furthermore, we can assume that A intersects each G-orbit non-trivially. Without 
loss of generality, A = {X±, . . . , X{\ for some I G {1, . . . , n}. 

Let An = YfnA and A i2 = YP\A a where Y { e {Y 1 , . . . , Y m }. 

Thus, for j G A il; we may choose non-principle Xj = Xf a G Xj such that there exists 
a normal subgroup Kj C F 2 (Nj) and for any H G HalL^Aj), we have Cff(Aj) C Kj by 
Theorem E2J The 7r -subgroups of (K j nF 2 (N j ))F(N j )/F(N j ) are abelian. For j G A i2 , we 
may choose Xj = X 9 ib G Xj such that there exists a normal subgroup iTj C F 2 (Nj) and for any 
# G HaU^(JVf), we have Ch(Aj) C Kj. The 7r -subgroups of (Kj n F 2 (N j ))F(N j )/F(N j ) 
are abelian. Here Aj a and Aj& belong to different Aj orbits. 

We define A = Ai . . . A„ G V. 

Finally suppose that Q G SyL(G) for a prime q > 5, and Q centralizes A. Thus Q C 
stabc(A). But stabc(A)/iV is a {2,3}-group. Thus Q C and we know that Q ^ K = 
f]Kj C F 2 (A^/M) and the vr -subgroup of KF/F is abelian. 

Since Aj is non-principle for z = 1, . . . Aj is not centralized by a non-trivial Sylow q- 
subgroup of Fi n iV/C, n iV by Theorem Since Qnf, : 6 Syl 9 (Fj n N), we have that 
g \ \Fi fl A^/Cj fl N\ for i = 1, . . . , I. By our choice of A, each Fj/Cj(j = 1, . . . , n) is conjugate 
to some F(/Ci with i G {1, ...,/}. Hence 

qWFjnN/CjDNl 

for all j = 1, . . . ,n. Since = M and [\(Fi D N) — F, we have that q \ \F/M\. We 

have seen above that Q C if and so g f Thus |G : C(j(A)| is divisible by every prime 

p > 5 in tt (G/K) U 7r (F/M). 

Let Z = N/M, observe that = Irr(F(Z)/$(Z)) is a faithful and completely reducible 
Z/F(Z)-module. Since the 7r -subgroup of KF/F is abelian, there exits \i G W such that 
\KF/F\ no \^l). 

Now let 

/3 G ljx(G\fj) and \ G Irr(G|A). 

By the last two paragraphs, is divisible by every prime in n Q (KF/ F) and is 
divisible by every prime in tt (G/K) U ttq(F/M). The conclusion of the lemma is met with 
e = (3oT9 = X - □ 

The following theorem obtain the known bound of the character version of the Huppert's 
p — a conjecture for G solvable. The bound we obtain here is the same as what Manz and 
Wolf obtained in [HI Theorems 1.4]. 

Theorem 6.2. Let p(G) to be those primes that divide the degree of some irreducible char- 
acter of G, i.e., p G p(G) if and only if p divides \G : F(G)| or O p (G) is non-abelian. Let 
cr(G) denote the maximum number of primes dividing the degree of an irreducible character 
ofG. IfG is solvable, then \p{G)\ < 3a(G) + 2. 

Proof. Let 3& = {r prime | O r (G) G Syl r (G) and O r (G) is non-abelian} and F = F(G). 
Certainly p{G) C n(G/F) UM and by Ito's Theorem [TBI 12.33], equality holds. 

F(G)/$(G) is a faithful completely reducible G/F-module. Applying Theorem 16.11 with 
G/$(G) and F(G)/$(G) in the role of G and M, there exists x e Irr(G) with |vr (x(l))| > 
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\%o(G/F)\/2. Hence a(G) > \n (G/F)\/2. Now Yl re @O r (G) < G and each O r (G) is non- 
abelian. Thus there exists rj G Irr(G) such that M C 77(77(1))). Since cr(G) > max{|^|, |7To(G/F) |/2} 
and since p(G) = n(G/F) C ir (G/F) U ^ U {2, 3}, the result follows. □ 

Using the same argument, one may get a similar result for the conjugacy class version of 
the Huppert p — a conjectures (i.e. If G is solvable, then \p*(G) \ < Aa*(G) + 2). 
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